Let u(L; ) be the reduced enveloping algebra associated to a nite dimensional restricted Lie algebra (L; p]) and a linear form 2 L . It is shown that a connected component of the stable Auslander-Reiten quiver of u(L; ) is of type Z A 1 ], whenever its support variety V L ( ) has dimension 3. Various applications concerning AR-components of Lie algebras of algebraic groups and the structure of hearts of principal indecomposable u(L; )-modules are given.
Introduction and Preliminaries
In recent work 10] K. Erdmann has shown that the nonperiodic components of the stable Auslander-Reiten quivers belonging to wild blocks of a modular group algebra are isomorphic to Z A 1 ]. Accordingly, the Auslander-Reiten theory of group algebras is now very well understood. By contrast, relatively little is known about the AR-quivers of the family (u(L; )) 2L of reduced enveloping algebras associated to a restricted Lie algebra (L; p]). One main problem in this context is the lack of a comprehensive block theory of enveloping algebras. Thus, aside from the possibility of considering special classes of Lie algebras (cf. 11, 16] ), Carlson's geometric approach 8] , that was transferred to the theory of restricted Lie algebras by Friedlander and Parshall 18] , appears most promising. In this vein, one result was given by Rickard 31] , who proved that u(L; ) is wild whenever it admits an indecomposable module whose support variety has dimension 3. The principal result of this note, Theorem 2.1, shows that the stable Auslander-Reiten component of such a module has tree class A 1 . In the context of simple Lie algebras our result can be used to identify s` (2) as the only algebra whose restricted envelope admits an Auslander-Reiten component of Euclidean tree class. The nal section illustrates another application of ( that the hearts of the principal indecomposable modules of simple Lie algebras 6 = s`(2) are indecomposable.
Let be a self-injective algebra over a eld F. Throughout this paper all modules are assumed to be nite dimensional. The stable Auslander-Reiten quiver ? s ( ) has the isomorphism types M] of nonprojective indecomposable -modules as its vertices. There is an arrow M] ! N], whenever there exists an irreducible map M ?! N. We denote the Auslander-Reiten translation of ? s ( ) by and refer the reader to 2] concerning basic properties of AR-quivers.
A map g : M ?! N between two indecomposable -modules is called properly irreducible if it is irreducible, but not almost split. The following subsidiary results, due to K. Erdmann (cf. 10, (1.5)]), will play a crucial rôle in the proof of our main result. Proposition 1.1 Let g : B ?! C be a surjective, properly irreducible homomorphism between two indecomposable modules such that C] belongs to a component of tree class A 1 1 or D 1 . If V is a -module such that there exists a projective module P with (V ) P = V , then one of the following holds :
(1) There is an embedding ker g , ! V , or (2) every map : ker g ?! ?1 (V ) which does not factor through a projective module is a monomorphism. 2
For future reference we also record the dual version of (1.1) : Proposition 1.2 Let g : C ?! B be an injective, properly irreducible homomorphism between two indecomposable modules such that C] belongs to a component of tree class A 1 1 or D 1 . If V is a -module such that ?1 (V ) P = V for some projective module P, then one of the following holds :
(1) There is a surjection V ?! coker g, or (2) every map : (V ) ?! coker g which does not factor through a projective module is an epimorphism. 2 
Support Varieties of Nonperiodic Components
Throughout the remainder of the paper (L; p]) is assumed to be a nite dimensional restricted Lie algebra, de ned over an algebraically closed eld F of characteristic p > 0. We x a linear form 2 L and consider the stable Auslander-Reiten quiver ? s (L; ) of the reduced enveloping algebra u(L; ). By de nition, the algebra u(L; ) is obtained from the ordinary enveloping algebra U(L) by factoring out the ideal generated by fx p ? 
Proof. We may assume that V L (M) 6 = f0g. Since M is Ad(G)-stable, the conical variety V L (M) is readily seen to be invariant under the adjoint representation. The resulting action Suppose that j j 2. Since G is almost simple, the root system is irreducible and there thus exists a simple root 2 I such that + 2 R. Owing to (b) we may write + = X 2I n ; n 2 N 0 ; which contradicts the fact that is a base of R. Consequently, the root system of G is of type A 1 , so that L = s` (2 Proof. (1) . According to (3.1), we have dimV L ( ) 3, and the rst assertion now follows directly from (2.1).
Since det(Ad(g)) = 1 for every g 2 G, we have tr ad = 0, proving that u(L) is symmetric. Given g 2 G the equivalence M 7 ! g M induces an automorphism on ? s (L) that leaves invariant. Thus, the induced automorphism on the tree A 1 coincides with the identity map and there exists n 2 Z such that
Replacing g by g ?1 if necessary, we may assume n 0. We obtain
which, in case of n 6 = 0, shows that (dim F m u(L) (M)) m 0 is bounded. Since does not contain any periodic modules, we have n = 0. Consequently, (1) Let be a component of ? s (L) containing a simple module S. Since S is a simple Lie(G)-module, it is Ad(G)-stable. Using the fact that ker is a torus, we obtain the
If L 6 = s`(2), then Lie(G) 6 = s`(2). Thus, from a consecutive application of (3.1) and ( Remark. Neither We now turn to the representation theory of the restricted Lie algebras of Cartan type. The interested reader may consult 36, Chapter4] for the de nition and elementary properties of these algebras. For our purposes it will su ce to list the following facts. The algebras are divided into four families (W (n)) n 1 , (S(n)) n 3 , (H(2r)) r 1 , and (K(2r + 1)) r 1 . Each algebra L comes tted with a restricted Z-grading, i.e. a vector space decomposition L = L s i=?t L i (s; t > 0) satisfying 
If L is of type H or K, then S 0 is a simple sp(2r)-module, and (3.1) shows that dimV L (S) 3 unless L = H(2) or L = K(3). In these cases, this estimate follows from 27, (5.1)]. For L = S(n); W(n) the module S 0 is Ad(SL(n))-stable and (3.1) yields dimV L (S) 3 unless n 2. However, these cases are covered by 27, (5.1),(5.4)].
As a result, we have dimV L (S) 3, and (2.1) shows that = Z A 1 ]. The proof may now be concluded by arguing as in (3.3). 2 
Hearts of Principal Indecomposable Modules
In view of the results of the preceding section one is interested in the position of a simple module within its Auslander-Reiten component. We say that a module M lies at an end of a component if M] has exactly one predecessor. The example of u(s`(2)) shows that simple modules are not necessarily located at ends of components. However, as we shall see below, this does not happen for the other simple Lie algebras or for Lie algebras of solvable algebraic groups. In all these cases the structure of the heart H(P) := rad(P)=soc(P) of a principal indecomposable module P is related to the representation type of the algebra u(L) in the sense that decomposability of H(P) is equivalent to P belonging to a tame block. Proposition 4.1 Let S be a simple u(L; )-module such that the component containing S] is isomorphic to Z A 1 ]. Then S] is located at an end of , and the heart H(P) of the projective cover P of S is indecomposable. Moreover, S] is the only simple vertex of .
Proof. The 
does not split, and 2, (V.2.4)] ensures that this sequence is the almost split sequence terminating in F j u(radp(L)) . A consecutive application of 11, Thm.3] and (4.1) now shows that F j u(radp(L)) is located at an end of a component of tree class A 1 . Consequently, the module X j u(radp(L)) and, a fortiori X , is indecomposable. Thus, F is located at an end of . Since L is supersolvable, 16, (5.1)] implies that has tree class A 1 or D 1 .
In the latter case we have = Z D 1 ]. Since L is supersolvable, the block B is transitive in the sense that there is an elementary abelian p-group G of automorphisms of B such that every simple module of B is obtained from a given one by twisting the action by an element of G. In particular, all principal indecomposable modules of B have the same length`B, which according to 15, (2.10)] is a p-power. Since the elements of G commute with the Nakayama automorphism, G operates on ? s (B). Consider the component := u(L) ( ) = . The projective cover P of F is attached to . Suppose that the principal indecomposable module Q = g P (g 2 G) is attached to . Then g = and g induces an automorphism of order 2 f1; pg on . Since Z D 1 ] is easily seen not to possess any automorphisms of nite order 3, it follows that Q = P . As F is located at an end of , the vertex rad(P )] 2 has the same property. Thus, H(P ) has three predecessors, and there exists a vertex X] 6 = rad(P )] such that H(P ) is the only successor of X]. By 
Thus,`(X) =`(Y ) so that`B `(H(P ) 0 mod (2) Proof. Let U G and T G denote the unipotent radical and a maximal torus of G, respectively.
According to 35, Thm.6.11] the product map induces an isomorphism G = U G T G of varieties. Di erentiation then shows that Lie(G) = rad p (Lie(G)) T; where T = Lie(T G ) is a maximal torus of Lie(G)(cf. 24, (11.11),(13.2)]). It follows that every simple u(Lie(G))-module is one-dimensional, so that the rst statement is a direct consequence of (4.2) in case the component is not periodic. Alternatively, a consecutive application of 14, (3.2)] and 14, (5.1)] shows that the component has tree class A`.
Suppose the component to be a attached to the principal indecomposable module P. Then ?1 ( ) contains a simple module. According to the above has tree class A 1 or A`. In the latter case and rad(P) is located at an end of , while (4.2) shows this to hold in the former. In particular, H(P) is indecomposable. 2 Remark. According to 15, (2. 
